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Vertex Corrections on the Anomalous Hall Effect in Spin-polarized Two-dimensional 
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We study the effect of disorder on the intrinsic anomalous Hall (AH) conductivity in a spin- 
polarized two-dimensional electron gas with a Rashba-type spin-orbit interaction. We find that AH 
conductivity vanishes unless the lifetime is spin-dependent, similar to the spin Hall (SH) conductivity 
in the non-magnetic system. In addition, we find that the SH conductivity does not vanish in the 
presence of magnetic scatterers. We show that the SH conductivity can be controlled by changing 
the amount of the magnetic impurities. 



The spin-orbit interaction (SOI) in semiconductors al- 
lows optical and electrical control of spins, and because 
of this has recently attracted much attention in the field 
of spintronics. The SOI gives rise to unusual Hall ef- 
fects, such as the anomalous Hall (AH) effect [l| in fer- 
romagnets, and the spin Hall (SH) effect in normal con- 
ductors [1, |3i S 13 ■ The detailed mechanisms of these 
effects are still controversially discussed. For the AH ef- 
fect, originally an intrinsic (i.e., band-structure induced) 
mechanism originating from an effective magnetic field 
in momentum space was put forward jo, followed by ex- 
trinsic mechanisms, referred to as skew Q and side-jump 
[3 scattering at impurities. Most experiments have been 
interpreted in terms of the extrinsic mechanisms, but the 
intrinsic AH effect has recently been shown to quanti- 
tatively ex plai n the AH effect in ferromagnetic semicon- 
ductors 0, 0, 01 . While a current bias does not excite 
a Hall voltage in normal metals at zero external field, a 
Hall effect of spin currents should persist in the presence 
of intrinsic or extrinsic SOI. This spin Hall effect was 
originally predicted assuming extrinsic scattering [^ yj , 
but, analogous to the AH effect, an intrinsic SH effect is 
also possible. Murakami et al. |1] predicted that the effec- 
tive magnetic field associated to the Berry phase in the 
valence band induce drift of up and down spin carriers 
towards opposite directions in p-doped zincblende-type 
semiconductors. Sinova et al. 5] predicted a universal 
spin Hall conductivity for the two-dimensional electron 
gas (2DEG) with a Rashba-type SOI produced by the 
asymmetry of the potential. 

Recently, two groups [Tj, [Tjl reported optical detec- 
tion of spin accumulation of opposite signs at the sam- 
ple edges in current-biased nonmagnetic semiconductors. 
Such behavior can be caused by the extrinsic SH effect, 
as shown explicitly by Ref. [T^l and is believed to be a 
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signature of the intrinsic SH effect as well. However, the 
interpretation of the experimental results is not straight- 
forward. 

Current theories predict that the intrinsic SH effect can 
strongly be suppressed by disorder effects. Especially, 
the intrinsic SH current vanishes identically by disorder 
scattering of electrons in the bulk of a Rashba-split 2DEG 
Ellllllll- On the other hand, the Rashba-spht 2DEG is 
believed to be rather special in this respect, since in other 
systems the intrinsic SH effects survives disorder scatter- 
ing. This has been demonstrated for 2DEGs with an SO 
interaction that is not directly proportional to the wave 
vector, and for three dimensional systems in the presence 
of the Dresselhaus SO interaction, or a Luttinger type of 
SO interaction in the valence band [l9l l20l |2]| . 

Since one may view the SH effect as the zero- 
magnetization limit of the AH effect, the vertex-canceling 
of the intrinsic SH in a Rashba-split 2DEG raises the 
issue whether or not the intrinsic AH effect is affected 
equally strongly by disorder scattering. And can, vice 
versa, the intrinsic SH effect survive in a disordered sys- 
tem when magnetic effects are added, e.g., carrier scatter- 
ing by magnetic impurities? These are the questions we 
address in this Letter. We focus on a disordered 2DEG 
with the intrinsic Rashba-type SOI and investigate the 
effects of a constant exchange potential as well magnetic 
impurities on the AH and SH effects by generalizing the 
method we applied previously [ij, |23 to calculate the 
conductivity in the diffusive transport regime. 

We will show that the intrinsic AH conductivity in 
Rashba split 2DEG with uniform spin polarization van- 
ishes unless the life-time is spin-dependent, which is cor- 
rect up to the second order of the SOI. This exemplifies 
the strong similarity between SH and AH effects. We 
also find that the SH conductivity is non-zero in the 
presence of magnetic impurity scattering. These results 
are not only relevant for a full understanding of the Hall 
effects [22, 123, but should also apply to high g-factor, 
high mobility narrow gap magnetic semiconductors such 



as (Hg,Mn)Te that exhibit many of the features needed 
for a clean observation of the intrinsic SOI induced Hall 
effects 24] in a transport experiment. 
We start with the Hamiltonian 



H = Ho + V^^ 



(1) 



where Hq is the unperturbed Hamiltonian for the 2DEG 
and Vm the random potential caused by impurities. For 
the non-magnetic 2DEG, Hq equals the Rashba Hamil- 
tonian Hr. In Pauli-spin and momentum space we have 



Hr. 




^P iXhk- 



— fc2 

2m 



(2) 



where k± = k^ i: iky with in-plane momentum vector 
k = {kx,ky) and A is the tunable strength of the spin- 
orbit coupling. The eigenvalues and eigenfunctions of 
Hn are 



and 



Zm 



, , , isk^/k 
|s = ±)=( / 



(3) 



(4) 



respectively. 

In order to deal with the AH and SH conductivities in 
the diffusive transport regime, we modify the Hamilto- 
nian accordingly. In the calculation of the AH conduc- 
tivity, the unperturbed part of the Hamiltonian is given 
as 



Ho — Hf 



(5) 



where the second part expresses an exchange potential, 
where az is the z-component of the Pauli spin matrix. 
The random potential is supposed to be short-ranged and 
isotropic, but may be spin-dependent: 



V„r = 



J2 V^Sir^Ri). 



(6) 



*'^=T,i 



In the calculation of the SH conductivity, on the other 
hand, the unperturbed Hamiltonian is Hn, but we in- 
corporate magnetic impurities that give rise to spin-flip 
scattering of electrons: 



y„ = 2J^s. 



S<5(r-R,), 



(7) 



where s and S are the spin operators of the conduction 
electrons and the localized magnetic impurities, respec- 
tively, and J is their exchange coupling. We consider the 
regime in which the Kondo effect is not important. 

We compute the transport properties via the Kubo for- 
mula, using the simplest possible definition of the charge 
current operator 



Jx{y) = e [{h/m)k^(^y^l - (+)Acry(^)] 



(8) 



In the diffusive regime it is convenient to include the SOI 
in the eigenstates of the Hamiltonian, and treat the im- 
purity potentials as perturbation. We can then proceed 
to obtain the AH and SH conductivities as before by 
adopting the Born approximation for the self-energy and 
the ladder approximation for the current vertex that is 
determined self-consistently in order to satisfy the Ward 
identity. 

After a lengthy but straightforward calculation along 
the lines of Refs. [13 and [23, we have obtained the full 
expression (not shown) for the AH conductivity in terms 
of retarded and advanced Green functions in the Pauli 
spin space. The momentum integration of the products 
of retarded and advanced Green function has been done 
analytically by assuming A ^ A^x and keeping terms up 
to A^ and in the clean limit with life-time broadening 
being smaller than the Rashba-splitting of the bands. 

By ignoring the real part of the self-energy. So- = 



{n/L')Ek\y'\9ko 
and with lifetime t. 



where n/L^ is the impurity density, 
— /i/2|E(j| we obtain 



AH 



Ae^X^Da 



4AL + (|St|-I-|Ex 



X [-ei^^rl^iln +eFi|St|T4 



(eFTTT ~<^FiTif l^ex (|S|| + ISxl +C) 



(9) 



where Dq = uif./^-K'h? is the 2DEG density of states and 



^F]{i) - CF + (-)Aea:, 



Stl-x/lSi 



(10) 

(11) 



The first two terms inside the square brackets in Eq. 
are the non- vertex (bubble) part, and the last originates 
from the vertex correction. 

We can simplify the expression for a^^ further, as- 
suming that Aea; ^ |S-f|,|S||, T^Q) =t{1 + {—)5) with 
(5^1, neglecting the self-energy part in the denomina- 
tor, and expanding up to 5"^ we have 



AH 

'yx 



SO 






(12) 



where a^^ — 2e^r_DoA^ is the correction to the longitudi- 
nal conductivity by the SOI in a presence of non-magnetic 
impurities, and r — /i/2|I]|. 

This is our main result for the AH conductivity. We 
can draw several conclusions from the above expression. 
First, we very generally find that ay^ = when the car- 
rier lifetime is spin-independent. This also follows from 
inspection of Eq. @ and we have verified that this state- 
ment is valid even when the real part of the self-energy 
is retained. The cancellation of the bubble by the ver- 
tex part in this limit is realized only after self-consistent 
renormalization of the latter. We note the similarity with 
the SH conductivity which vanishes by introducing elec- 
tron scattering by nonmagnetic impurities. One should 



note, however, again in analogy with the SH effect, that 
the AH effect does not have to vanish for fcrromagnets 
with other band structures. 

Secondly, the AH conductivity is proportional to A^ 
and independent of the life time r (note that t|I]| in 
eq. (12) is independent of the life-time), very similar to 
the extrinsic AH conductivity based on the side-jump 
mechanism |26j . Our expression is not identical that 
for side-jump scattering, however; for example, Crepieux 



corrections which is the solution of 



and Bruno [27| obtained a non-zero (j^j^, side jump gygj^ jj^ 
the limit r-f = r^ with a constant magnetic moment M . 
Skew scattering does not occur in our model since the 
SOI is intrinsic and homogenous, and carrier scattering 
is caused by an impurity potential that does not contain 
SOI. 

Finally, the AH conductivity is odd with respect to 
the magnetization M, since Aga; oc M . Therefore, the 
AH conductivity changes sign when the magnetization 
is reversed, as expected. We see in Eq. (12) ay^ in 



creases with decreasing M 
not be strictly valid for M 
A ;» |Et|, |S| I, (jy^ has to vanish in this hmit 



Although Eq. (12) may 

because we assumed 

Thus we 



expect a non-monotonic dependence of ayx on M . 

We now turn to magnetic impurity effects on the 
SH conductivity. To this end, we will introduce spin- 
dependent random potentials into Rashba-split 2DEG. 
The random potentials of V^ are not suitable for the 
present purpose, since {Va) is spin-dependent which gives 
rise to a finite exchange potential (and quite trivially a 
finite SH effect) in the lowest order approximation. We 
therefore adopt an s — d type interaction 5{y — Ri)si • S^ 
between conduction electron s.^ and localized impurity S^ 
spins on a magnetic impurity at R^. This type of inter- 
action is isotropic, and no first order correction appears. 
This isotropy persists in the presence of the Rashba SOI, 
so the self-energy and Green function are diagonal in 
the |s = ±) space which is a convenient basis. The 
self-energy in the Born approximation is proportional 
to the thermal average of a localized spin (S*^), which 
consists of three contributions, one from spin-conserving 
scattering, (cr^S'^cr^S'x), and two from spin-flip scatter- 
ing, (CT+5_fT_S'+) and (cr_S'+(T+5_). Accordingly, the 
self-energy 



h / 1 
2 1^ 



1 



(13) 



is governed by two scattering rates. I/tq and I/t,/ cor- 
respond to the {SD and (1/2) {S+S- + S-S+) contribu- 
tions, respectively. In our case, 1/ts/ = 2/ro since the 
potentials are isotropic. 

After evaluating the vertex corrections self- 
consistently, we may define an effective current vertex 
as 



\' = -{vi,)[A+{\ + X'){B + D)] 



with 



{vD 



^J'isi 



4L2 



(15) 



(16) 



where rim/ LP' is the density of magnetic impurities. The 
expression of the current vertex A' is apparently la, |2a| 
the same for magnetic and nonmagnetic impurities ex- 
cept for the definition of (Um). A, B, and D are momen- 
tum integrals over products over retarded and advanced 
Green functions that can be integrated analytically, such 
that 



A' = A 



8 + 7An 



(17) 



with Aq = (2ToAfci?) for magnetic impurities. Here (u^„) 
has been inverted to tq using the relation {Si) = (S'^)/3. 
Note that A' = — A for nonmagnetic impurities jla|. The 
final result of the SH conductivity is the same for mag- 
netic and nonmagnetic impurities 



e(A + AO 
iirhX 



(18) 



We therefore find that the SH conductivity, which has 
been found before to vanish for nonmagnetic impurities, 
becomes finite in the presence of magnetic impurities. 
This is our main result concerning the SH effect. 

There are two main reasons for the different SH con- 
ductivities for magnetic and nonmagnetic impurities. 
One is the difference in sign in the matrix elements of 
the random potentials. The matrix elements for the mag- 
netic potential include terms (s = ±|ctz|s — ±), while in 
the nonmagnetic case the corresponding matrix element 
is (s = ±|l|s = ±) which turns out to have the opposite 
sign. The other reason is the expression for (f^)j which 
is proportional to (S'f), not (S"^) as in the self-energy be- 
cause the {S+S- + S-S+) term couples with the linear 
terms of kx or ky and vanishes in the momentum integral. 
Therefore, the vertex function includes only tq, while the 
self-energy basically includes both tq and Tgf. 

The present results modify the expressions we obtained 
previously 15, 25] for the longitudinal charge conductiv- 
ity and the in-plane spin, as follows 



axx = 2e To 



^+D,X^-XiX + X')^-^ 
m z 1 + Aq 



{sy) = 47reL»oTo 



■^-<^ + ^')^ 



E, 



(19) 
(20) 



jkk 



Tfi rv 



(14) 



where A' is an effective SOI originated from the vertex 



where no is the carrier density, and E is the applied elec- 
tric field. Since these observables do not vanish under 
the vertex correction even for nonmagnetic impurities, 
the effect of modeling magnetic impurities is small. 



Finally, let us consider the case where magnetic and 
non-magnetic impurities coexist. Since there is no mix- 
ing between magnetic and nonmagnetic scattering, the 
current vertex is still defined by Eq. (|14|l . but now we 
have 



-^ — Kn ~ Kn 



(21) 



where A'„ and A'^ are effective SOIs caused by the mag- 
netic and nonmagnetic impurities, respectively. Both 
satisfy Eq. ((T5|) with (w.^j) for A^^ and with (w,^) = 
n„(y^)/4L^ for A'^. Here, ri„/L^ and V are the den- 
sity of nonmagnetic impurities and impurity potential, 
respectively. Then A' also satisfies the relation (|15f) 
with 6{v'^) = (Um)— {Vn), which determines A' self- 
consistently. 

The self-energy is on the other hand given by the sum 
of the contributions from magnetic and non-magnetic im- 
purities, [S] = |S,Ti| + |S„| = /i/2r,with 



r ■- 



.<v')] ^. 



(22) 



Consider varying Um and n„ such that the life time r is 
kept constant. Noting that (S*^) = (5'^)/3 in the param- 
agnetic state, the effective spin-orbit interaction is then 
given as 



A' = 



6 Tm 



2h? 

Ao 



A 



1 + Ao + [n™ J2|(52) - £] ^ (2 + Ao) ■ 

(23) 

This expression reproduces the results A' = — A and A' = 
AAo/(8 + 7Ao) for n,„ ~ and n„ ~ 0, respectively. 
At an intermediate value of n„i, 5{v'^) can be zero. In 



this case, the vertex correction itself vanishes, and the 
universal spin Hall conductivity is realized even in the 
presence of impurity scattering. 

These results shed some doubt on Rashba's general ar- 
gument for a generally vanishing SH conductivity |l7| . 
since he introduced a vector potential by external mag- 
netic field but neglected the Zeeman term. Indeed, the 
latter gives rise to a non- vanishing spin Hall current even 
in Rashba split 2DEG _28| . It should also be noted that 
the present results have been obtained for an infinite sys- 
tem. Finite size systems may show a non-vanishing SH 
conductance J23| or edge SH currents|2^yO|- 

In conclusion, we studied the intrinsic AH effect in the 
diffusive transport regime for a spin-polarized 2DEG with 
a Rashba-type SOI. We found that the AH conductivity 
vanishes unless the life-time is spin-dependent, indicat- 
ing a strong similarity between the intrinsic AH and SH 
effects. Inclusion of a spin-dependent lifetime yields a 
non-vanishing AH conductivity, the expression of which 
is similar to that obtained by the side-jump mechanism. 
The SH conductivity for the Rashba 2DEG with mag- 
netic scattering of electrons has found finite even in the 
diffusive transport regime. The SH conductivity in the 
presence of both magnetic and nonmagnetic impurities 
shows that the SH conductivity may be controlled by 
changing the amount of the magnetic impurities. 
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